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Abstract

Complex signaling cascades involve many interlocked positive and negative feedback loops which have inherent delays. Modeling these
complex cascades often requires a large number of variables and parameters. Delay differential equation models have been helpful in describing
inherent time lags and also in reducing the number of governing equations. However the consequences of model reduction via delay differential
equations have not been fully explored. In this paper we systematically examine the effect of delays in a complex network of phosphorylation—
dephosphorylation cycles (described by Gonze and Goldbeter, J. Theor. Biol., 210, (2001) 167—186), which commonly occur in many
biochemical pathways. By introducing delays in the positive and negative regulatory interactions, we show that a delay differential model can
indeed reduce the number of cycles actually required to describe the phosphorylation—dephosphorylation pathway. In addition, we find some of
the unique properties of the network and a quantitative measure of the minimum number of delay variables required to model the network. These

results can be extended for modeling complex signalling cascades.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Cells use a complex network of interacting molecular
components to transfer and process information. These bio-
chemical pathways are responsible for many important cellular
processes, including cell cycle regulation and signal transduc-
tion cascades. Reversible phosphorylation—dephosphorylation
(PD) cycles form the skeleton of the networks containing these
signalling metabolic cascades. Reversible PD helps in modu-
lating the functional properties of proteins involved in gene
expression [1], cell adhesion [2], cell cycle regulation [3], cell
proliferation [4] and differentiation [5]. PD cycles are enzymatic
processes which are in turn regulated, often in several steps,
allowing amplification and fine control.

In cellular signalling networks, PD cycles are sometimes knit
together like a cascade involving a series of activations, for
example the phosphorylated product of one PD cycle activating
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the subsequent phosphorylation reaction and so on. These
cycles may have comparable rates. The dynamics of the cell
cycle can be described as a sequential PD [6] cascade similar to
a domino effect. Modeling these cascades with ordinary dif-
ferential equations (ODEs) involves a large number of variables
and parameters, which makes the analysis of these models
cumbersome. Modeling such systems with delay differential
equations (DDEs) helps to describe the important dynamics
with fewer variables and parameters.

Time lags are ubiquitous in biological systems. Delays
manifest in the form of aging time, gene expression time,
incubation time etc. These delays are observed in biological
systems and hence mathematical models of these systems with
DDEs have been highly successful. The glucose-insulin dyna-
mical system has been successfully modeled with a state
dependent delay [7]. The importance of inter-compartmental
delay in human gastric acid secretion has been described with
the use of DDEs [8]. A two-delay model for erythropoiesis
[9,10] describes the effect of age-structured delay as seen in
experimental observations. Feedback regulation in the lactose
operon has been modeled by delay differential equations and
has been shown to agree very well with the experimental data
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[11]. Further, it has also been shown mathematically that
oscillatory expression of proteins in cultured mammalian cells
is most likely driven by transcriptional delays [12]. In all the
above examples, the DDE models describe biologically
relevant time lags. Alternately, DDEs can lead to very simple
models that aid in conceptual understanding of the dynamics.
Delays in circadian thythms have been shown to describe the
dynamics with fewer variables and parameters [13—15].

Delay has been used to model complex systems. However,
few studies are available to describe the effect of delays in
general biochemical systems [16,17]. The effect of distributed
delays in simple enzyme kinetics has been shown to replace
several intermediate complexes [18]. Similar studies on general
aspects of biochemical pathways can provide useful information
while undertaking modeling of complex systems.

Since PD cycle cascades occur frequently in biochemical
pathways, the effect of delays in these cascades could reveal
valuable information about modeling similar systems. The ODE
model by Gonze and Goldbeter [19] describes a generic form of
PD network that frequently occur in many biochemical path-
ways. The model provides an example of a biochemical net-
work as described by Murray and Kirshner [6].

Therefore, the primary objective of this study is to examine
whether delayed regulatory steps in a PD cascade can reduce
the number of cycles actually required to describe the
dynamics. To test this we modify the ODE model for the
coupled PD network described in Ref. [19] by introducing
delayed regulatory loops. In Section 2, we show that delay in
a positive regulatory step can effectively replace alternate
cycles in a network. We then discuss the bifurcation diagrams
for the delay equations and compare the results with that of
the ODE model. In Section 3, we show that, under
symmetrical parameters condition, the stability properties of
the delayed system can be determined analytically. We
quantitatively predict how many cycles can be replaced with
delayed variables, which can be used as a reference table when
modeling complex biological systems. This is followed by a
discussion (Section 4).

2. Reduced model with delayed positive regulation

We start by giving a brief account of the ODE model [19]. A
network of four (N=4) PD cycles (I, IL, IIT and IV) is coupled
through positive and negative regulatory effects in a cyclic
manner as described in Fig. 1. The solid lines denote positive
regulation and dashed lines denote negative regulation. A given
cycle experiences a positive regulation by i— 1th cycle and a
negative regulation by i+2th cycle.

In each cycle, a dephosphorylated protein Y; is transformed
into the phosphorylated form X; by an enzyme E; of maximum
rate 7, and Michaelis—Menten constant K, while the reverse
transformation is catalyzed by an enzyme E; with maximum
rate Vj, and Michaelis—Menten constant K’. The cofactors in
the reaction are considered as constant. The phosphorylation is
activated (positive regulation) by X;.; and the dephosphory-
lation is activated (negative regulation) by X;.,. The corre-
sponding Michaelis—Menten constants for the both the

Cycle (1)

Cyele (IDY, X,

Xy Y, Cycle(1V)

Cycle (11T)

Fig. 1. Schematic representation of phosphorylation—dephosphorylation cycle
network according to Gonze and Goldbeter [19] for N=4. X; is the
phosphorylated form and Y; is the dephosphoryated form. A cycle experiences
a positive regulation by i—1th cycle and a negative regulation by 7+2th cycle.
The red solid lines correspond to positive regulation and the blue dashed lines
correspond to negative regulation. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

processes are K, and K. o; and B; are the strengths of
positive and negative regulations respectively. We can express
this interaction mathematically for N cycles as follows

dX; -1 (1-X7)
= Vi |1+ oy
dr M[ +°‘KH+X,JK+(1—X,-)
Xiv2 X,
4B, =1,2,..,N).
VM,|: +ﬂ1Kb+X}+2:| K’+){,(l PP RRRD) )

(1)

For N=4 there are four ODEs that describe the scheme in
Fig. 1. The concentrations of the PD pairs are scaled to unity
(X;+Y;=1). Hence, the dephosphorylated form Y; is written as
Y;=1-X; in the above equation. Here, owing to the cyclic nature
of the networks, i is modulo N such that N+1 is 1.

Now let us reduce the system. In the present case, instead of
involving four variables, we replace the cycle II and cycle IV of
the ODE model with a delayed positive interaction between
cycle I and cycle III. In other words, the sequential activation
between three species is considered as a delayed activation
between two species. Fig. 2 shows the schematic diagram of the
delayed positive regulation. In this case positive regulatory steps
alone are delayed and negative regulation is maintained as
instantaneous.

The governing equations are obtained by reducing the N=4,
X7, X5, Xz, X3), ODE model with delay in the positive
regulation. The parameters along with the equations are given
in Table 1. The parameter set in Table 1 represent a symmetrical
situation where all the maximum rates and regulation strengths
are equal to unity and the Michaelis—Menten constants are
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Fig. 2. Schematic representation of delayed network of phosphorylation—
dephosphorylation cycles with delay in the positive regulatory steps. The co-
factors involved in one phosphorylation—dephosphorylation cycle are given on
the right of the schematic model. The cycles Il and IV in Fig. 1 are now replaced
with the delayed positive regulation (solid lines), where 7 is the positive
regulatory delay. The negative regulation is instantaneous (dashed lines).

maintained as equal. We have chosen this parameter set because
it facilitates our mathematical analysis of the system. However,
one can expect complex behavior for varying parameters. The
variables x; and x, in our DDE model correspond to the X; and
X; of the ODE model. From here on, we represent the variables
of the DDE model in lower case. Similar to the ODE model, the
concentrations of the PD pairs are scaled to unity (x;+y,=1).
Here 7 is the positive regulatory delay.

2.1. Simulation and results

The equations were solved using ‘dde23.m’ [20], a delay
differential equation solver in Matlab. The two variable DDE
model for =3, qualitatively reproduced the behavior of the
four variable ODE model. The delay value chosen is 3
because both the DDE and ODE model shows similar fre-
quency and amplitudes. However, we describe the behavior of
the DDE system for other delays in the further sections. The
time series and the phase space diagrams of ODE model are
shown in Fig. 3a and b and that of the DDE model for 7=3
are shown in Fig. 3¢ and d. The time series of both the DDE
and ODE models are similar after an initial transient. The 2D
phase space of the variables x; and x, of the DDE model also
resembles the phase space of X; and X5 of the ODE model.

A system with delayed variables is infinite dimensional and
as a consequence a two dimensional phase plane could be an
over simplification. The phase plane of the DDE model seems
to lack uniqueness with a crossing of trajectories. To illustrate
the uniqueness of the solution, the time series of x; was re-
constructed and embedded in a 3D phase space. It shows no
crossing of trajectories, and hence it illustrates that the solution
is unique. The attractor was reconstructed from the time series
[21,22] by fixing the lag time [23]. Fig. 3e and f show the
reconstructed phase space of the DDE model and 3D phase
space of the ODE model.

2.2. Comparison of DDE and ODE models

DDE model exhibits other observed properties of the ODE
model like effect of inhibitor, stability diagrams and parameter
phase planes for a wide range of delays. Results are not shown
because they are qualitatively similar to the ODE parameter
phase planes and stability diagrams. Here we illustrate one
situation where there are unsymmetrical positive and negative
regulatory delays, which is similar to the case of unsymmetrical
parameters in the ODE model.

2.2.1. Presence of unsymmetrical positive regulatory delays

In the above simulations, the positive regulatory delay
exerted by cycle I and cycle II was maintained equal, thus
representing a symmetrical condition. We have investigated
the behavior of the system with two different positive
regulatory delays, i.e., the delay for cycle I to activate cycle
II being different from the delay for cycle II to activate cycle
I. The resulting behavior is shown in Fig. 4b. We see a mild shift
in the oscillatory profile of the variables when compared to the
symmetrical case. It is interesting to note that this behavior is
qualitatively similar to a situation in the ODE model with
unsymmetrical V,,; values, i.e., (Vyq # Vin# Viz # Vi) Thus
the case of unsymmetrical maximum rates (V;,) in the
network can be qualitatively represented by larger or smaller
delay in the sequential activation process of the DDE model.
Fig. 4a is the simulation of ODE model given for comparison
[19, Fig. 7a].

Table 1
Equations describing reduced phosphorylation—dephosphorylation network
with delay in positive regulation

dx X (t—1 1-x

—] = VMI 1 + oy 2( ) ( ! )

dr Ka +X2(t*‘l,') Ky + (lixl)

X2 X1
—viall -— 2
o+ b ] @)

dx x(t—1 1-x;

—ZZVM2|:1+062 1( ) :| ( 2)

dt Ky +x1(t-7)] K2 + (1-x2)

X1 X2
—i,1 —_— 3
Vi + B 6

Parameter Description values

(i=1,2)

Vi Maximum rate of the phosphorylation reaction 1

Vigi Maximum rate of the dephosphorylation reaction 1

K; Michaelis—Menten constant for phosphorylation  0.01
process

K; Michaelis—Menten constant for 0.01
dephosphorylation process

K, Michaelis—Menten constant for positive 0.5
regulation

Ky Michaelis—Menten constant for negative 0.5
regulation

o Strength of positive regulation 1

B Strength of negative regulation

T Positive regulatory delay 3




J. Srividhya et al. / Biophysical Chemistry 125 (2007) 286-297 289

(b)

(d)

Time (arb. units) X,

0.6 0.6

0.4
x}(F+T)

0.4

',\'](I)

Fig. 3. Comparison of time series and phase space of the ODE and the DDE model. (a) — (b) Represent time series and phase portrait of ODE model respectively,
(c) — (d) Represent time series and phase portrait of DDE model respectively for t=3. X7, x; are denoted by solid lines and X3, x, are denoted by dashed lines. The

2D phase portrait of both ODE and DDE models are identical. (e¢) Shows the 3D phase portrait of the ODE model (f) Shows the reconstructed phase portrait of
DDE model.
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Fig. 4. Presence of unsymmetrical positive regulatory delays. (a) Time course of X; and X3 of ODE model with parameters V;;=0.99, V,n=0.9, Vyz=1.1, Vju=1.1
(b) Time course of x; and x, of DDE model with unsymmetrical positive regulatory delays (=35, 2.5). X, x; are denoted by solid lines and X3, x, are denoted by

dashed lines. Note that (a) and (b) are similar.

Various stability diagrams and parameter diagrams were
constructed for the DDE model using DDE-BIFTOOL [24].
They were qualitatively similar to the ODE model for a wide
range of delays (results not shown).

2.3. Two parameter diagram of delay and ratio of maximum
rates

Different delays can result in different dynamical behavior
of the system such as a stable steady state or a limit cycle

9
8 L N
Tr Stable Periodic solution 1
6r Hard J
Hard Excitation

e Excitation

= 57

=

W

Q

Stable Steady State

0 0.8 0.85 0.9 0.95 1 1.05 1.1

Vil Vasi

Fig. 5. Two parameter diagram of » and 7. The diagram shows three types of
regions: stable steady state, stable limit cycle and hard excitation regimes.

solution. To identify various dynamical features caused by
delay, we investigate the two parameter diagram of delay and
the ratio of maximum rates which is defined as r=V,;/ V.
The two parameter diagram of delay 7 and 7 is shown in
Fig. 5. Notice that the diagram can be divided into four
regions with three dynamical behaviors: stable steady state,
stable limit cycle and hard excitation. Hard excitation, also
called a sub-critical Hopf bifurcation, is the co-existence of
a stable steady state and a stable limit cycle along with an
unstable limit cycle.

In the model, limit cycle oscillations do not occur for lower
values of delay because (phosphorylated product) cycle I
activates the phosphorylation step of cycle III instantaneously.
The (phosphorylated product) cycle III in turn instantaneously
exerts a negative feedback on cycle I and hence results in no
oscillation. This situation exists until a threshold delay is
introduced in the activation step which is reflected subse-
quently in the negative regulation, resulting in oscillations. We
have seen that a network of four cycles can be reduced to two
with delay in positive regulation. This situation can be ex-
tended to networks consisting of N cycles, which can be
reduced into an N/2 cycle network using positive delayed
regulation.

2.4. Quantitative comparison of the ODE and DDE models

Quantitative comparison of the ODE and DDE models
would be valuable information when reducing an ODE into a
DDE model. However, in this case, the amplitude of the
oscillations would be quantitatively the same for both the
ODE and the DDE systems, due to the normalization of the
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Fig. 6. (a) Variation of frequency of the ODE model with N (No. of PD cycles)
(b) Variation of frequency of the DDE model in the T — » space. Frequency scale
varies from high to low as the color moves from light to dark.

concentrations. However, the frequency of the oscillations will
vary. The mathematics involved in deriving an expression of
frequency in terms of the parameters is too complex to be
useful, due to the intricate nature of the system (see Section
3.3). In order to bring in a quantitative comparison between
the ODE and the DDE frequencies we computed the following
numerically.

® Variation of frequency of the ODE models as a function of N
as given in Fig. 6a

® Variation of frequency in the T—r space which is given in
Fig. 6b.

If we reduce an ODE system into a DDE under
symmetrical conditions, we can compare Fig. 6a and b
and choose the appropriate delay values to achieve the
same amplitude and frequency. For example, when N=4,
the ODE and the DDE frequency quantitatively coincide at
t=3. However, further straightforward comparison would
be difficult.

3. Reduced model with delayed positive and negative
regulations

We can reduce a network of N PD cycles into a delayed
network of N/2, provided N is even. Is it possible to model an N
cycle network with just two PD cycles instead of N/2 with
delayed interactions? We note from Fig. 5 that within a range of
r(=0.87-0.99), limit cycle oscillations with large time periods
exist even for very high delay values. So it is possible to achieve
any time period with delay in the positive regulatory step.
However, we found that the phase relationship between the two
variables of the DDE model (Table 1) is always 7. In contrast, in
a N variable ODE model, the phase relationship between the
variables varies. Therefore, a network with delays in both pos-
itive and negative regulatory steps could produce new phase
relationships, enabling us then to model N cycle network with
two PD cycles. Thus this section discusses the combined effect
of introducing delay in both positive and negative regulatory
steps in the DDE model. We call this model a Delayed Positive
and Negative Regulatory model (DPNR).

The DPNR model is schematically represented in Fig. 7. The
positive regulatory delay is 7; and negative regulatory delay is
7. In a network of N cycles where N is even, we choose the first
cycle and (N/2)+ Ith cycle as the two variables in the DDE
model. The rest of the intermediate cycles are represented as
delayed positive and negative regulations. Therefore, for an N
cycle network, the two variables of the DDE model are named as
x1 and x4 to represent X and Xy -+, of the ODE model. For
example, the DDE variables are x; and x3 for N=4. In Table 2
we show Egs. (4) and (5) governing the DPNR model for a
network of N cycles (provided N and N/2 are even). The
parameters are described in Table 1.

3.1. Simulation and results

Two oscillatory regimes are observed for two different cases
namely, 7;>1, and 7,>7;. For a fixed value of 7y, when

Y1
Delayed Delayed
T2 i )
-) Delayed (-)

YN7241

Fig. 7. Schematic representation of delayed network of phosphorylation—
dephosphorylation cycles with delay in the positive (1) and negative (1,)
regulatory steps. The two delays now replace more than one cycle in between the
first cycle and the (V/2)+ Ith cycle.
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Table 2
Equations governing DPNR model

t— —
%:VMl{l‘f’“l Xy /241 (7T1) } (1=x1)

Kar +xyj201(t-11) | Ky + (1-x1)
Xy /241 (1712) } X1 @)
1+ Xv 1 (-12) | Kit x1

_V/(/Il|:1 + B X

(1=xy/241)
Koy + (1=xn/211)
XN /241
Ko+ X241

dXN/2+1
dt

—

Ko +x1(t=11)
xl(l—‘tz)
¥ {1 N }
M2 ﬁz Kpy +x1(t*r2)

(5)

The nomenclature x; and xyp4; represents the corresponding cycles in the
network.

T, < 11, we find antiphase oscillations. As we increase the value
of 1,, the antiphase oscillations disappear and the two variables
coincide with each other so that the phase difference is zero. We
call this situation inphase or zerophase oscillations.

No oscillations occur for 7,=1,. We do not observe
oscillations for other values of 7; and 7, close to 7;=1,. We
analytically show the existence of the stability region above
and below 71;=1, in Section 3.3, which is consistent with
numerical simulations. As we increase 1, further such that
T, > 1Ty, antiphase oscillations reappear. Following the antiphase
oscillations, the zerophase oscillations reappear for very high
values of 1.

The trend observed for a fixed 1, value as a function of 1, is
schematically represented in Fig. 8. Note that the antiphase and
zerophase oscillations alternate. It is very interesting to note that
the system can exhibit only two phase relationships namely the
antiphase and zerophase, irrespective of the delays. The limit
cycles of both the antiphase oscillations are close to being
mirror images of each other as in Fig. 9. The two limit cycles
(red-dotted and blue-solid) denote the cases, namely 7, >1, and
T1<Ts.

Antiphase

Zerophase

No oscillations

1
0.9
0.8
0.7
0.6
0.5

XN/2+1

0.4
0.3
0.2
0.1

0 !

0 01 04 05 06 07 08 09 1

Xy

02 03

Fig. 9. Phase portrait of the limit cycles of the DPNR model. The red dotted
curves show the phase portrait for ;=3 and 7,=6. The solid blue curves show
the phase portrait for 7, =3 and 7,=0.5. We see that the limit cycles are in fact
close to being mirror images of each other, representing the symmetrical nature
of the system. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

We explored the properties such as the effect of the
inhibitor, the presence of positive regulation only (f=0), pre-
sence of negative regulation only (o=0) and two parameter
diagrams (K—r, a— B and K—K,) in both ODE and the DPNR
models. We do not find any qualitative difference between the
models (results not shown).

3.2. The t;—r, ©o—r and t;,— 1, diagrams
The significant two-parameter diagrams are t,—r, T,—7 and

T1—T,. Since we observe two distinct oscillatory regimes we
expect the same behavior in the parameter diagrams. The 71 — 1,

Antiphase Zerophase

T, <<T

Increasing 1, for a fixed value of 1;

Fig. 8. Schematic representation of the different behaviors as a function of 7,. We observe a transition from antiphase to zerophase followed by a stable steady state. For
T, <7, the antiphase oscillations reappear followed by a transition into zerophase oscillations.
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Fig. 10. Parameter diagrams for DPNR model. (a) Shows the 7, —r diagram for a
constant 7,=3. (b) Shows the 7, —r diagram for a constant 7, =3. (c) Represents
T — 1, diagram for »=1. In (c) we observe a region above and below 7;=1, for
which the system is stable.

diagram is given in Fig. 10c, which distinctly shows two
oscillatory regimes for the two cases, namely 7, >1, and 7,> 1.
We do not observe oscillations for 7,=1; (indicated by dotted
line in Fig. 10c) and for a small region above and below the
T,=1; line. We find a similar trend for other parameter diagrams,

namely 7; —r for constant 7, (Fig. 10a) and 7, —r for constant 7,
(Fig. 10b).

3.3. Linear stability analysis for two delay model

The rate equations in Table 1 may be rewritten in the
following form for convenience

dx
d—;:fl i (6)
dx
d—::gl + &2, (7)
where

_ x(t-1) (1)
Ji ="V [1 - OclKal +x2(f_fl)} Ki + (1=x1) "

x(t-12) X
v
s VMI{ A Kb +xz(tr2)} Ki+x 9)
xi(t—11) (1-x,)
=V 1+a 10
81 Mz[ 2Ka2 —I—xl(tr])} K+ (1-0) (10)
X1 (t_‘Ez) X2
= / 1 .
£ VM{ b Ky + x1 (trz)] Kyt x2 (11)

The Jacobian J is formulated by assuming the perturbation to
be proportional to e* and thus, making x(t—*r):x(t)e_'IT and
differentiating, we get

o O U, U
J = (9)61 8)61 8)62 8x2 12
| 9g g dg1 I (12)
val e*).rl 4oz e*i‘cz el 7oz
axl 8x1 8x2 (9)62

The above Jacobian is evaluated at the steady state and the
stability is found by solving the characteristic equation. The steady
state is dependent on all the parameters. We define a symmetric
condition as follows: V=V =1, o,=f=1, K;=K;=0.01 and
K,;=K},;=0.5, the steady states are x*=0.5, y*=0.5. The resulting
characteristic equation is of the form

24 2a) 4207 Mt —ple Yoo n L g2 — 0. (13)

In this expression,

() (),
3)61 Bxl 3)62 (‘)xz

b Ui 0% _dm_ dm "
dx dxy  0dx Jxy

are evaluated at the steady state x*=0.5, y*=0.5. The above
characteristic equation is transcendental in nature and can be
solved numerically to obtain the eigenvalues. The stability
properties may be obtained for this symmetrical condition by
examining the properties of the above expression at Hopf
bifurcation, namely when A=iw [25].
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Table 3
Phase difference between two adjacent variables of ODE model for large N
values

N — no. ¢opr — phase difference
of cycles between two adjacent variables
4-7 2
N
8-12 47
N
13-17 61
N
18-22 8
N
23-27 107
N

Note that the span of the phase increases by 27 for every five cycles.

To examine the nature of the system when the roots are
purely imaginary, we substitute A=iw in the characteristic
equation. After some steps of expanding e " into sin and cos
terms and rearranging, we get the real and imaginary parts
separated as

P
cos(wty + wty)[cos(wt—wty)—1] = T (15)
sin(wt; + w1a)[cos(wt—wty)—1] = —ba_zco (16)
Squaring and adding we obtain
2 272
2 a +
[cos(wAT)—1]" = {T} , (17)

where At=1—1,. The roots of Eq. (17) are
cos(wA7)—1 = 10, (18)
with @=(a*+w?)/2b*>. When 17,=7,, At=0 and eventually
a*+w?=0 implying that the roots are imaginary and that there

N,N/2 even

N/2+1

(a)

(b)

N even, N/2 odd
N=8 N=6

J. Srividhya et al. / Biophysical Chemistry 125 (2007) 286-297

cannot be oscillations for this condition. This is also observed in
the numerical simulation of the 7 — 1, parameter space.

We see that Eq. (18) has four roots which can be called o,
-+ and w1, w,_. It is possible to examine Eq. (18) for positive
. However, even with the present condition it is interesting to
note that there is a stability switch of the steady state from
unstable to stable and back to unstable as the At moves from a
negative value to a positive value.

Let Atw=0. Now cosf=1+0. For cosf>0, 0 should lie in
the first or fourth quadrant, i.e., —7/2<60<m/2. Therefore, if
there is a critical A7, above which there is a stability change
from stable to unstable, the same condition holds good for — At
implying that there is a region in the 7, — 7, diagram above and
below A7=0 such that —A1.<At<Art, where the system is
stable between this range [26, Chapter 6]. This is in fact
observed in the numerical bifurcation diagram. From Eq. (18)
we obtain

0+ 2nr

- (19)

At = lcosf1 [1+0] =

w
With the above equation, according to Cooke and Grossman
[25], a finite number of stability switches are present before there
is instability for all At greater than At,.. However, after further
analysis we find that it is not possible to solve analytically.
Hence we have to resort to numerical methods to determine the
behavior of the system.

3.4. Comparison of N cycle ODE model with DPNR model

To compare the DDE and ODE models, we need to
understand the behavior of the ODE model for large N. The
properties of the ODE model with large N are briefly discussed
in [19]. We conduct further investigations that reveal some
interesting properties of the ODE model. Comparison between
the ODE and DDE models can be made in terms of the phase
difference between the variables in their time course. We also
found that the phase difference ¢opg between any two adjacent
variables of ODE model is dependent on the number of cycles N

(c)

Fig. 11. Schematic diagram of N cycle network showing the negative regulations alone. The edges of the thick solid polygons represent a PD cycle. The thin solid black
curves indicate the negative regulatory interactions on alternate cycles for (a) N=8 (b) N=6 and (c) N=5 of the ODE model. The red dotted lines indicate the possible
delayed negative regulatory interaction of the DDE model. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version

of this article.)
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in the network. Table 3 gives the phase difference between any
two adjacent variables in the ODE model for large N values,
whereas the phase difference between the two variables of the
DDE model can only be 0 or 7. We now split the ODE system
into 3 cases, namely (a) N and N/2 even (b) N even and N/2 odd
and (c) finally N odd and discuss the similarities between the
ODE and DDE model in detail.

3.4.1. N and N/2 even

In the ODE model, the phase difference (@) between first and
(N/2) + 1th variable is either 0 (zerophase) or 7 (antiphase). For
example @=r for N=4 and #=0 for N=8, and so on. This is
indeed the phase relationships exhibited by the DDE model.
Thus, by appropriately choosing 7; and 1,, a N-variable ODE
system can be represented by a two-variable DDE system for all
N and N/2 even.

3.4.2. N even and N/2 odd

In the previous case, the first cycle exerts a delayed negative
feedback on the (IV/2) + 1th cycle (see Fig. 11a), whereas in this
case the first cycle exerts the negative feedback on the (N/2)+
2th cycle of ODE model (see Fig. 11b). Therefore, if we choose
to represent this case with a two variable DDE system, then the
two variables should actually correspond to first and (V/2) +2th
cycle of the ODE system.

But the phase difference @ between the first and (N/2) +2th
variable of the ODE system is not always 0 or m, while the
phase difference in DDE model is always either 0 or 7. Hence, a
two variable DDE is not enough to represent the network of N
cycles where N is even and N/2 is odd. However, this case can
be still represented by N/2 DDEs to qualitatively represent the
dynamics.

3.4.3. N odd

In this case, as in Fig. 1lc, the negative feedback is
interlocked such that it is difficult to choose the two variables
to be represented by the DPNR model. Also the phase difference
varies according to the value of N. Therefore, it is not possible in
a two variable DPNR model to represent networks with large N,
where N is an odd number. Further investigation is required to
determine the minimum number of delay variables needed for
this case. A summary of the above findings is tabulated in
Table 4. According to our results, we can represent N cycle
network with just two variables of a DDE model when N and N/2
are even. When N is even and N/2 is odd, then we can represent
the situation using N/2 variables in a DDE model. If N is odd,
then representation with a delay model may be difficult or often

Table 4
Reference table for representing N variable ODE model with DDE model with
fewer number of variables

N N/2 Ny
Even Even 2
Even Odd N2
Odd - >2

N, — no. of delayed variables required to reproduce the phase difference of
ODE model.

involve more interlocked variables. Thus we outline an idea
about how many cycles can be replaced using DDE model.

4. Discussion

Many biochemical pathways operate on networks consisting
of several phosphorylation—dephosphorylation cascades. There
is a relay of signal propagation by a series of PD cycles coupled
with positive and negative regulations. The system we studied
here is a general model representing such a relay linked in a
cyclic manner.

DDEs can be used to describe a system with reduced number
of variables. In this paper we carried out a systematic com-
parison of DDE and ODE models governing a cyclic PD
network, which is, as far as we know, the first study of this kind.
Our objective was to provide explanations for three questions:

(1) Is it possible to model PD cascades with delayed reg-
ulations and a minimum number of variables?

(2) What are the new dynamical features of the DDE model?

(3) What are the minimum number of variables in the DDE
model required to model the PD network?

We addressed the first question by introducing delays in
positive regulatory step of the PD network. We illustrated that
the DDE model exhibits similar dynamics as that of the ODE
model (Section 2.2). We extended our analysis by introducing
the Delay in Positive and Negative Regulation model (DPNR
model) to represent networks with large number of PD cycles.

Our analysis of the DPNR model revealed unique properties
in the DDE model such as the two oscillatory regimes for two
different conditions namely 7;>1, and 7, <7,, and the absence
of oscillations for 7;=7,. Another interesting result of the
DPNR model is that we observed only antiphase and zerophase
relationships between the two variables.

To address the third question, as a first step, we conducted
further analysis on the parent network and the ODE model. Our
study brought out the following important properties:

® We observed that the span of the total phase for ODE model
increases by a factor of 2z for the addition of every five
cycles in the network. This aided in the identification of
those variables with zero and antiphase relationships in the
ODE model (see Table 3).

® We constructed the topology of the N cycle PD network
(Fig. 11) connected through negative regulations, in order to
identify variables connected through negative feedback.

As a second step, we used the above properties to compare
the ODE and the DPNR models with respect to their phase
relationships. We then systematically summarized the minimum
number of delay variables required to represent N cycle network
in Table 4 that can serve as a reference table.

Delay has been used for various purposes in modeling
biochemical networks: (1) To account for genuine time lags
such as incubation time or aging time that occurs in biological
systems [10] (2) To describe the core structure of the dynamics
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with few variables and parameters [13]. However, when we use
delays to model large networks with fewer variables, it is to be
noted that those cycles or steps that are replaced with delay are
still biologically very important. The importance of the presence
of futile cycles in terms of energy balance has been discussed by
Qian and Beard [27]. He has theoretically proved that futile
cycles serve as biochemical regulators by increasing the
robustness and sensitivity. In a specific case of two cascading
PD cycles similar to our network, Qian showed that the ATP
hydrolysis cycle powers the biochemical transition between the
phosohorylated and dephosphorylated forms [28].

Our approach to model large scale networks with DDEs does
not underestimate the importance of redundant cycles. The use
of delay for replacing redundant cycles aids in the conceptual
understanding of large scale systems. Further, it is not always
possible to experimentally measure each and every step in a
cascade, wherein the delay becomes useful in understanding the
system with minimal information.

It is believed that redundant cycles help in fine-tuning the
energetics of the system, as a consequence they do not seem to
be an important part of the core dynamical structure. In other
words, these cycles do not alter the dynamic uniqueness of a
system. So while modeling these networks with bits and pieces
of information from the experiments, it would be valuable to
obtain a simpler model that would enhance the overall
understanding.

The applicability of our results has been tested in a PD
cascade that is explicitly present in the activation step of APC
(anaphase promoting complex) by MPF (maturation promoting
factor) in cell cycle dynamics. The idea of replacing cascading
PD cycles by delayed regulations has been implemented in a
cell cycle model by Srividhya and Gopinathan [29]. The model
discusses the possible role of delay as a spindle checkpoint
during the cell cycle. The delay brings in an interesting feature,
namely the extension of G1 phase, which has been observed in
experiments.

A limitation of the DPNR model is that it describes the
similarities between the DDE and the ODE models (in terms of
phase differences between the variables) qualitatively. A quan-
titative comparison in terms of frequency and amplitude could
throw more light on practical application of our results. One
should implement the above findings in models with caution
since biochemical pathways may have several inter-linked
regulatory loops. It is to be noted that this study is strictly valid
to a particular class of PD networks.

Large scale modeling of complex systems to understand their
dynamics is actively in progress. Simplifying the systems with
delays could prevent spending time on redundant mechanisms
and focus on the key regulators of the dynamics. Thus the
DPNR model described in this paper shows that complex cas-
cading networks consisting of PD cycles can be simplified in a
systematic way using delayed interactions.
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